The low-laying frequencies of characteristic quasi-normal modes (QNM) of Schwarzschild-de Sitter (SdS) black holes have been calculated for fields of different spin using the 6th-order WKB approximation and the approximation by the Pöshl-Teller potential. The well-known asymptotic formula for large l is generalized here on a case of the Schwarzchild-de Sitter black hole. In the limit of the near extreme Λ term the results given by both methods are in a very good agreement, and in this limit fields of different spin decay with the same rate.
Introduction
Within general relativity it is well-known that there are three stages to the dynamical evolution of field perturbation on a black hole background: the initial outburst from the source of perturbation, the damping (quasi-normal) oscillations and asymptotic tails at very late time. The evolution significantly depends on the asymptotic behavior of the background: for different values of cosmological constant Λ there are three types of behavior depending on the sign of Λ. Thus, the remarkable fact is that while for asymptotically flat backgrounds we have inverse power law tails, for asymptotically Anti-de Sitter background it is exponential low that governs the decay of a field at all times. The same exponential decay at very late times was observed by Brady et al [1] for asymptotically de Sitter background.
Apart from original interest coming from possibility to observe quasi-normal ringing with the help of gravitational wave detectors (see e. g. [2] for review), the quasi-normal modes bring now a lot of interest in different contexts: in Anti-de Sitter(de Sitter)/Conformal Field Theory correspondence [3, 4, 5] , when considering thermodynamic properties of black holes in loop quantum gravity [6] , in the context of possible connection with critical collapse [3, 7] .
The gravitational QNMs of Schwarzchild-de Sitter black hole were considered in [8, 9, 5] . Recently, asymptotic values of QNMs were studied for nearly extremal Schwarzchild-de Sitter black hole and it was shown that in the near extremal limit the effective potential of the wave equation reduces to the Pöshl-Teller potential, and it is expected therefore the Pöshl-Teller method provides the best accuracy near the extremal value of Λ [11] .
QNMs corresponding to decay of fields of different spin are extensively studied for Schwarzchild and Schwarzchild-anti de Sitter backgrounds. At the same time there is lack of such study of the Schwarzchild-de Sitter case. This motivated us to calculate QNMs of scalar, electromagnetic, Dirac and gravitational fields for Schwarzchild-de Sitter black hole. We also compare the results found here with those obtained recently in [10, 11] .
In section 2 we give the perturbation equations to describe fields of different spin in SdS background. The section 3 presents comparison of QNM frequencies obtained through sixth order WKB formula and approximation by the Pöshl-Teller potential.
There was shown that the frequencies of the massless Dirac field perturbations [10] are the same for both chyralities in SdS background as well. Near the extremal value of Λ the sixth order WKB formula gives the values which are very close to those obtained within the Pöshl-Teller potential approximation. This agrees with recent work of Cardoso and Lemos [11] .
Perturbation equations and methods
It is well known that the Schwarzchild-de Sitter black hole of mass M is described by the metric:
A perturbation equation on this background can be reduced to the Schrodinger wave-like equations:
where we assume exponential dependence of Ψ on time (∼ e −iωt ), ω = ω Re −iω Im , r * is the "tortoise" coordinate:
Under the positive real part QNMs, by definition, satisfy the following boundary conditions:
which correspond to purely out-going waves at infinity and in-going waves at the horizon. The corresponding perturbation equations can be rewritten in form (2) with potentials
V even = 2f (r)
for massless scalar, electromagnetic, gravitational (odd end even parities) and Dirac fields respectively (see e. g. [12] and references therein), where l is the multipole number, κ = l + 1 for (+) sign and κ = l for (-) sign in (9) . All the potentials vanish at the horizon and tend to a constant at infinity, having a peak near the horizon. It allows to use the Pōshl-Teller potential approximation as well as WKB method. The WKB approach is based on the analogy with the problem of waves scattering near the peak of the potential barrier V (r * ) in quantum mechanics, where ω 2 plays a role of energy. The approach was originally proposed by Schutz and Will [13] , developed to the 3rd order by Iyer and Will [14] , and recently developed by Konoplya to the 6th order beyond the eikonal approximation [15] . The result has the form:
where V 0 is the height and V ′′ 0 is the second derivative with respect to the tortoise coordinate of the potential at the maximum. Λ 2 and Λ 3 can be found in [14] , Λ 4 , Λ 5 and Λ 6 are presented in [15] ; the corrections depend on the value of the potential and higher derivatives of it at the maximum.
Generally, WKB method was effectively used for finding quasi-normal frequencies in a lot of papers [16] . Comparing the values calculated by the different order WKB formula one can judge about the convergence to the some unknown accurate result as the WKB order increasing. We expect that the possible error is less then the difference between the 6th and the 5th order WKB values 1 . Note, that standard machine precision in MATHEMATICA gives large errors due to numerical truncations. To exclude such "noises" we had to hold 40 digits in all intermediate values.
For comparison we will use the semi-analytical method for calculations proposed by B. Mashhoon [18] who used Pöshl-Teller approximate potential
It contains two free parameters (V 0 and b) which are used to fit the height and the second derivative of the potential V (r * ) at the maximum [18] . The quasi-normal modes of the Pōshl-Teller potential can be evaluated analytically:
QNMs of SdS black holes
Both methods give best result for low overtone number but it is known that the higher modes give larger values of the imaginary part of frequencies [2] . Therefore these modes decay faster then lowlying ones that are more interesting for us. So we calculated some first quasi-normal mode frequencies for massless scalar, Dirac, electromagnetic and gravitational fields using both of the methods. The results are presented below (all values are measured in the black hole mass (M) units).
QNMs of massless scalar field: l = 1, n = 0 The relative error of the WKB method depends significantly on a field under consideration. Comparison of the 6th and 5th WKB order let us to conclude that the worst WKB convergence gives the Dirac field, where the expected error reaches 1% in the 6th WKB order. The results calculated in [10] by using the 3rd WKB order differ from the 6th order values up to 4%. Thus, the possible relative error of the 3rd order WKB results may exceed 4%.
We can also evaluate the relative error for gravitational modes by comparison QNMs of odd and even perturbations. Because the potentials can be expressed in the form
where
any solution for even parity can be found from the solution for odd parity [17] :
Obviously, if a solution Ψ odd describing quasi-normal oscillations satisfies the boundary conditions (4), the Ψ even solution satisfies the same ones describing quasi-normal oscillations too. The same fact [12] takes place for massless Dirac QNMs of opposite chyralities:
Therefore, the QNM' spectrum is the same for odd and even gravitational perturbations and for opposite chyrality of Dirac perturbations in SdS background as well as in asymptotically flat universe. We see that the difference between the numerical results does not exceed our expectations.
We can see that the imaginary parts of QNMs, calculated using both 6th order WKB and Pöshl-Teller approaches, depend on overtone number and black hole mass only near the extremal value of Λ. This agrees with [11] , where the QNMs of near extremal SdS space-time were found:
for scalar and electromagnetic perturbations,
for gravitational perturbations. Here
Using the same technique, one can find that
for massless Dirac field perturbations. It means in the extremal limit fields of different spin decay with the same rate. Note, that formulae (15), (16) , (17) give right results for any overtone number n and may be useful for n → ∞ limit studying. The well-known approximate formula for large multipole number l (or κ in (9)) [18, 19] :
can be generalized for the case of non-zero Λ. Making use of the 1st-order WKB method or the formula of the approximation by the Pöshl-Teller potential one can find for the non-extremal SdS black hole:
Conclusion
The QNMs of Schwarzschild-de Sitter black holes for fields of different spin have been calculated. The modes are determined by the black hole mass M and the cosmological constant Λ only. The frequencies all have a negative imaginary part, which means that the black hole is stable against these perturbations. The presence of the cosmological constant leads to decrease of the real oscillation frequency and to a slower decay. The interesting problem that was outside our consideration is the search of asymptotic behavior of SdS QNMs at large imaginary part (n → ∞) for which other approaches should be explored [20] .
